The paper aims at providing a connecting link between the theory of molecular orbitals and the theory of localized bonds. An examination is made of the fundamental equations which must be satisfied by molecular orbitals in fields of known symmetry, particularly in molecules of the type X Y n. It is shown by the methods of the group theory that these equations can be transformed to others which involve sets of equivalent functions. These are associated with equivalent orbitals which have the property of being identical as regards distribution in space and differ only in their orientation. It is shown that under certain conditions these can be regarded as localized orbitals associated with particular bonds. General formulae are obtained and applied to the particular cases of molecules of trigonal, tetrahedral and octahedral symmetry.
I n t r o d u c t io n
The object of the preceding paper (Lennard-Jones 1949) was to find the relation between the electron-pair theory of valency, which deals with the interaction of electrons in localized bonds, and the molecular orbital theory of valency, which treats each electron as moving in the field of the whole molecular framework. In order to ni^ke progress with either of these theories, it is customary to assume, as a starting point, that each electron can be assigned to an orbital, which can be described by a function of three spatial co-ordinates. In the one case these orbitals are assumed to be localized between an atom and an interacting neighbour, while in the other the orbitals are distributed throughout the molecule, representing in fact stationary states of an electron in the field of all the nuclei and the averaged field of the other electrons. In each method the wave function of the whole molecule is.expressed as a combination of functions of the individual electrons. To conform to Pauli's prin ciple, these one-electron wave functions are combined in the form of a determinant.
In the preceding paper equations were obtained for the molecular orbitals to which the electrons can be assigned in a molecule in its normal, unexcited state. It was then shown that in a symmetrical molecule such as Y2 these equations could be transformed so as to be satisfied by a distribution about one of the bonds X Y and a similar distribution about the other X Y bond. These distributions were called equivalent orbitals, because each was the mirror image of the other in the plane of symmetry of the molecule. In this paper the results are generalized to apply to a molecule of the type X Yn,in which there is a central atom X and n o groups distributed in some symmetrical way about it.
E q u a t io n s s a t is f ie d b y m o l e c u l a r o r b it a l s
Equations were given in part I (equation (3*20)) to determine the wave functions of the molecular orbitals of a molecule either in its ground state or in an excited state, provided that this state arises from closed shells and outer electrons possessing the same spin. While the substance of the present paper will be concerned mainly with molecules in their ground states, or more accurately with those which consist of a set of closed shells of paired electrons, it may be of interest to consider the form of the equations for the more general case.
When there are more electrons with one kind of spin than another the equations for molecular orbitals are unsymmetrical, and it is necessary to be careful as to the precise meaning to be attached to each term and each summation. An alternative way of writing the equations (3-20) of part I is as follows: The equations take a simpler and more symmetrical form when all the electrons are paired, for then the matrix becomes of type s / only. In this case we can write
where E mn = Hmn + J mn-K%ln, so that the equations are ^Kin^n + S '
^ -6-(2 m
We note that Emn is the energy of an electron in a stationary state in the field of the nuclei and the space-charge distribution of the electrons in all other orbitals, less a contribut ion due to the field Gmn (x), which arises from the pos of electrons between orbitals.
We have already discussed in part I methods of solving these equations. All that need be said here is that if the exchange property of the electrons is neglected, the equations reduce to K n f n = 0, (2-16) and solutions of this equation correspond to stationary states in the field of the nuclei and the electrostatic field of the electrons in all other occupied orbitals, represented by the term V'nn(x). The electrostatic field due to a set of closed shells will have the symmetry of the nuclear framework, and so for non-degenerate states the appropriate wave function will belong to one of the irreducible representations of the symmetry group. There is a difficulty in the case of degenerate states, for then V'nn(x) includes not only the field of a set of closed shells but also the field of the remaining electrons in the same shell. The latter field will not, in general, have the same symmetry as the nuclear framework. To preserve the symmetry properties o f the wave functions in degenerate sets it will be necessary to suppose the field on each electron in the set so averaged that each moves in the same field, and, moreover, that this field has the full symmetry of the molecule. The functions so obtained from equation (2-16) will then be self-consistent, not only in the Hartree sense, but also as regards their symmetry properties, for these will then conform to those of the ■permissible irreducible representations. I f these solutions are used as first approxima tions of equation (2-16), nothing in the subsequent calculations will upset the symmetry properties, though the values of the energy parameters and the wave functions will be changed. and the properties of the system will not be altered by any transformation which leaves this wave function unchanged. Thus any orthonorm transformation of the functions \jrx to \}rn, which constitute its elements, will not changed. It is unchanged when the nuclear framework is subject to any of its symmetry operators, for this is equivalent to multiplying the various columns of the determinant by numerical factors and taking linear sums. The determinant is unaltered except for a numerical factor, and for unitary transformations this factor is unity. Though such transformations do not alter the system intrinsically, they can be used to simplify the method of solution of the equations (2-01). Thus we endeavour to find for a molecule of known symmetry a set of orbitals which are equivalent in the sense that they are interchangeable under the operations of the group. It is possible to determine from the character table appropriate to any type of molecular symmetry which types of molecular orbitals can be superimposed to produce a set of equivalent orbitals. The method is to find the character system of the equivalent orbitals under all the operations of the group and then to compare the result with the character system of the molecular orbitals (the irreducible representations of the group). In general it is found that a set of equivalent orbitals Tor a molecule of the type X Yn can be expressed as a sum of a molecular orbital which has the perfect symmetry of the group (the identity representation, usually denoted by r x) and others of single or degenerate type, which behave differently under the operations of the group.
Suppose that E ,A ,B , ... ,P represent operations of the symmetry group to w a molecule of type X Yn belongs, E being as usual the identity operator. Then the irreducible representations of the group are given by a set of matrices of the kind shown in table 1. Each entry such as (afj represents a matrix of dimensions equal to the degeneracy of the representation 1^-, and (e, ) represents a unit matrix of the same dimensions. If I \ is the identity representation, all the entries in the first row are unity. in various ways. Hence the set will be represented by a series of matrices of the type (en), (ocn),..., (nn) shown in the last row of the table. Each will be of dimensions n, and each will contain only unity and zeros, unity occurring once in each row and once in each column.
From a comparison of the character system of the y-set with that of the r i5..., representations, it is possible, if a set of equivalent orbitals exists, to show that the same set of characters can be obtained by a superposition of some of the U s. Thus we may write Ot) = S e , r " (3-°2)
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where Cj is some numerical factor, usually unity or zero. Since the dimensions of the matrix representation of the y-set is n, the dimensions of the sum of the right-hand side must also be n. The interpretation of this result is that a set of equivalent orbitals can be found by superposition of molecular orbitals, whose symmetry properties are the same as the representations Ty included in the above formula. The relation (3*02) has been used to indicate the types of directed atomic orbitals which can be obtained from a superposition of p, ..., functions (Kimball 1940). It is equally valid for molecular orbitals and it is now our purpose to show that by its use a transformation of the equations satisfied by molecular orbitals can be carried out.
Though the characters of (y) and £ c^ r ?-are the same, the matrices of the latter where % indicates that every \Jr function is subject to a transformation T both where it appears in the matrix elements of (Jf) and where it appears in [\]/); or in other words, every \}r is changed to a y.
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In order to illustrate the process it will be sufficient to consider the form taken by (3*05) for one set of equivalent orbitals and to limit the discussion to a set of orbitals which are doubly occupied. Equation ( and the others, apart from E which is a diagonal matrix, are obtained from them by writing the matrices of C § , crvC3 and (P)^i+iS. It is then found that the substitution T which gives equivalence between corresponding matrices, in the form (P)x = it) ( P)a1+k where En and E22 are the energy parameters which would appear in the equations (2-15) for the molecular orbitals A x and E respectively;* the energy parameters EV 2 vanish because of the different symmetry of and E.
In order to find the matrix of the transformation T it is necessary to examine the matrices of operations of the group in the representation (A^E ). Two typical matrices are
* The use of the symbol E to denote an orbital type and an energy E is unfortunate, but this is the notation generally accepted. The energy parameters in this paper always have distinguishing suffixes.
(ii) Molecules X Yi of tetrahedral symmetry (Td)
In a similar way it is found that four equivalent orbitals in tetrahedral symmetry are obtained from a superposition of A 1 + T2, where A 1 is an orbital with complete tetrahedral symmetry and T2 i s a triply degenerate set. The stitution T is given by where E n and E22 are the energy parameters associated respectively with the orbitals A x and T2 in equations (2-15). As in the previous example, E12 an energy parameters all vanish because of the different symmetries of and T2. There are thus four similar equations for the equivalent orbitals y x, y 2, Xz and °f which the following is typical: Xu given by the coefficients of th along an axis labelled x, then y2 is directed along -x, y3 along y, y4 a along z and y 6 along -z.
Using these matrix elements in equation (3-15) and remembering that E^ vanishes when the suffixes y and v refer to orbitals of different symmetry or to orbital are different members of a degenerate set, we find that enn has the same value for all values of n (from 1 to 6), viz. enn = HEll + 2E22+3E 3. 3), (4-12)
where En , E22 and E33 refer respectively to the energy parameters of th l 1u. Similarly, there are three pairs of equal energy parameters of ei2 = e2i = i(-^u + 2i?22 -(4* 13) and twelve pairs of the type -" < 7 the type el3 -e 31 -l(En -E22).
(4-14)
The energy parameters given by (4T3) refer to pairs of orbitals which are directed in opposite directions. The rest refer to pairs of orbitals whose axes are perpendicular to each other.
The equations to determine the six equivalent orbitals are then all similar to
The interpretation of this equation is clear. The term v\x{x^ is the potential energy of an electron in the presence of the electrostatic distribution' of the other equivalent orbitals; four of the functions grnl are similar except for orientation and represent the potential energy due to an electron distribution given by a product of and Xm' , the energy coefficients are equal for the four equivalent orbitals at right angles to Xv as would be expected.
We note, in particular, that both e12 and e13 vanish whenever = = An example of this occurs in the theory of directed atomic orbitals where for a hydrogen-like atom octahedral orbitals can be obtained by superposition of ( ), (p)3 and (d)2 orbitals, all of which have the same energy for the same total quantum number.
An interesting property of equivalent orbitals may be inferred from the energy coefficients emn. Whenever group theory indicates that equivalent orbitals ma obtained from the superposition of two types of molecular orbitals, then there are only two energy levels Eu and E22, and accordingly only two coefficients en and e12. This implies that the orbitals are symmetrically related to each other in the sense that the members of every pair are similarly related to each other. Thus for molecules of trigonal symmetry in a plane, three equivalent orbitals are obtained and the angle between each pair is the same, viz. 120°. For tetrahedral symmetry four equivalent orbitals are so related that the angle between any pair is the same. B ut when, on the other hand, equivalent orbitals are made up of three types of molecular orbital, as in the example of octahedral symmetry, the equivalent orbitals are not similarly related to each other. There are then three energy parameters En , E22 and and accordingly three parameters en , e12 and e13. Any one such orbital is then related to the rest in two (and only two) ways. Thus in octahedral symmetry each orbital is similarly related to four of the others and then differently related to the sixth. A similar result is obtained for the case of four equivalent orbitals in a planar molecule XF 4, where the bonds are directed along the axes of a square.
T h e e l e c t r o n d is t r ib u t io n i n sy m m e t r ic a l m o l e c u l e s
When the electronic configuration of a molecule can be described by a set of molecular orbitals determined by equations (2-15) and by a determinantal function <E >, given by equation (3*01), the electronic distribution can be obtained by suitable integrations of <M>, as was shown by Dirac (1931) to be possible for atoms. The expression d>0 dr1 ... dr^is the probability of a given configuration of N electr is, the probability that an electron will be found in a given element of volume drl with prescribed spin, another in dr2, and so on. The probability of finding -1) electrons in a prescribed configuration irrespective of the position of the A th is obtained by integrating over the variables of the A th electron. The probability of finding two electrons simultaneously in prescribed elements of volume is obtained by integrating over (A -2) electrons. As we are not interested in the particular electrons which appear in the given elements of volume, it is necessary to integrate over the remaining variables in such a way that each configuration dr3 ... appears only once. The two-electron distribution function is accordingly proportional to (7(1,1) (7(2,1) (7(1,2) (7(2,2) drxdr2, 
l, m
The first term, involving 2 , arises from paired electrons in the same orbital, the i second and third terms, involving 2 ', from electrons in different orbitals. Now from the earlier sections of this paper it is clear that it is immaterial whether the wave functions used in the above formulae refer to molecular orbitals or to equivalent orbitals. Thus for singly-occupied orbitals with the same spin, the probability distribution is ( r Xa(1)Xa(1 )^(2 );M 2 )-S ' Xa(1)Xa(2) ^(2 )^(1 )]^!* > ,.
(5-05)
This gives the probability of finding an electron in an element of volume dv1 and another in an element of volume dv2. In certain molecules we may expect the orbitals ^A, % to be localized in different bonds. If there is pronounced localization, the value of any one of the x 's may have a well-defined maximum, and about this maximum there may be a region of space within which x is appreciable, and outside of which x has negligible value. In such a case let the region of appreciable X\ be denoted by wA. The region a»A may or may not overlap another region w/r If it does not, the distribution function (5*05) lends itself to a simple physical interpretation.
Let dvx be in the region of wA. Then the function (5-05) is vanishingly small unless dv2 lies in one of the other regions a>i0 different from wA. Moreover, it is evident that under these conditions the main contribution to the probability distribution (5*05) comes from the first term. The electrostatic interaction of the electrons, which is given by the integration of e2/r12 multiplied by the probability distribution, in that case arises mainly from those configurations in which two electrons are in different The first term arises from paired electrons in the same orbital and the other terms from electrons in different orbitals. This formula can be interpreted by means of the model described above. For orbitals localized in well-defined w-regions, this function has its maximum values for elements of volume dv1 and dv2 which are either in the same region &>A (first term) or in different regions ojx and (second term). The third term is always small unless regions <w A and o jm overlap. The main contributions to the electrostatic energy then come from the repulsions of electrons in the same orbital or from repulsions of electrons in different orbitals. The attraction arising from the third term is small. Hence, again, the molecule would behave as though the w-regions repelled each other. Though this particular representation of y-functions is highly idealized, it yet gives some physical insight into the forces which tend to give stability to molecules of the type X Yn, particularly in r the symmetrical form. Thus the first term (5*06) will in any event give the mutual repulsion of a pair of electrons in a y-orbital, which is associated with each of the X Y bonds. The interaction of bonds is due to the distribution given by the second and third terms of (5-06). The second term, being positive, will produce repulsion; the third, being negative, attraction. When the y-functions are localized in particular bonds, it seems likely that the repulsive contribution will predominate and cause the X Y bonds to be symmetrically disposed in space.
The author is indebted to Mr G. G. Hall for reading the paper in manuscript and making some valuable suggestions about notation.
